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This article begins with a review of the framework of fuzzy probability theory.
The basic structure is given by the o-effect algebra of effects (fuzzy events) €((},
) and the set of probability measures M7 (Q, ${) on a measurable space (02,
). An observable X: B — €(Q, ) is defined, where (A, ) is the value space
of X. It is noted that there exists a one-to-one correspondence between states on
€(Q), o) and elements of M7 (2, o) and between observables X: B - €(Q,
) and o-morphisms from €(A, B) to €(, «). Various combinations of
observables are discussed. These include compositions, products, direct products,
and mixtures. Fuzzy stochastic processes are introduced and an application to
guantum dynamics is considered. Quantum effects are characterized from among
a more general class of effects. An alternative definition of a statistical map T:
M{(Q, ) - MT(A, B) is given.

1. INTRODUCTION

Inarecently developed fuzzy probability theory, acrucial roleisplayed
by the equivalent concepts of observables (or fuzzy random variables) and
statistical maps [1-7, 12, 13]. Most of these previous articles have mainly
focused on the properties of statistical maps. The present survey will
primarily concentrate on observables and then briefly show how their
properties are related to those of statistical maps. Observables offer a
viewpoint that has certain advantages. In particular, observables are closer
in spirit to the random variables of traditional probability theory and they
also are closely related to the quantum observables of operational quantum
mechanics [8, 9, 14, 15]. In this brief survey we shall omit proofs and
leave them for a later paper.

"This paper is dedicated to the memory of Prof. Gottfried T. Riittimann.
1Department of Mathematics and Computer Science, University of Denver, Denver, Colo-
rado 80208.

695
0020-7748/00/0300-0695$18.00/0 © 2000 Plenum Publishing Corporation



696 Gudder

2. FUZZY PROBABILITY THEORY

Let (), o) be ameasurable space. A measurable function f: () - [0, 1]
is caled an effect or fuzzy event. An effect is crisp (or sharp) if it is an
indicator (or characteristic) function. We identify an element A e  with its
indicator function l,. In this way, the crisp effects correspond to the events
of standard probability theory. The set of effects is denoted by € = €(1,
A). Forf,g e €, iff + ge € (thais f+ g= 1), then we writef 1L g
and define f @ g = f + g. Denote the set of probability measures on (€2,
A) by MT(Q, A). For . € M{(Q, o), we define the probability of f e
€(Q, o) by w(f) = [ fduw. Noticethat w: €(Q2, ) - [0, 1] isaprobability
measure on €(€), ) in the following sense. We have (1) = 1and if f L
o, then p(f @ g) = w(f) + w(g). Moreover, if f; € € is an increasing
sequence, then by the monotone convergence theorem w(lim ) = lim w(f),
S0 w is countably additive. Finally, w(ln) = w(A) for every A € o, sO
reduces to the usual probability for crisp effects. It is clear that (€, @, 0O, 1)
isan effect algebra[4, 10, 11]. Moreover, if f; € € isan increasing sequence,
then [f; € €, so € is a o-€effect algebra.

Let P and Q be effect algebras. Recall that a map ¢: P - Q is a
morphismif (1) = 1 and a L b impliesthat d(a) L &(b) and b(a b b) =
b(a) D o(b). If P and Q are o-effect algebras, a morphism ¢: P - Qisa
o-morphismif for any increasing sequence a € P we have ¢((g) = Ob(a).
The unit interval [0, 1] C R is a o-effect algebra under the partial operation
a®b=a+ bwhenevera+ b=1If $: P - [0, 1] is a o-morphism,
then ¢ is called a state on P. It is clear that if @ € M{(Q, oA), then wisa
state on €(2, ). The following result, which is proved in ref. 13, shows
that the set of states on ({2, ) coincides with M{(Q, ).

Theorem 2.1. (i) If &: €(Q, o) - €(A, RB) is a o-morphism, then
S(Nf) = Nb(f) for every N [0, 1]. (i) If &: €(Q, A) - [0, 1] is a state,
then there exists aunique .. € M7 (Q, o) such that $(f) = w(f) for every
fe €, A).

Let (O, o) and (A, B) be measurable spaces. A map X: B - €(,
A) is an observable on €(), o) with value space (A, B) if X(A) = 1 and
if B e B,i e N, are mutualy digoint, then X(UB;)) = 2 X(B;), where the
convergence in the summation is pointwise. We interpret X(B) € €((2, «A)
as the effect or fuzzy event that occurs when X has avalue in B e %B. We
sometimes use the notation X(w, B) = X(B)(w). A probability kernel on
(Q, o) with value space (A, B) isamap K: Q X B - [0, 1] such that
K(-, B) is measurable for every B € % and K(w, -) € M{(A, %) for every
o e (). Observables and probability kernels are equivalent concepts. Indeed,
if X2 B - €(Q, A) is an observable, then X(w, B) is a probability kernel
and conversely, if K: 0 X ®B - [0, 1] isaprobability kernel, then X(B)(w) =
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K(w, B) isan observable. An observable X: B — (2, oA) iscrisp (or sharp)
if X(B) iscrisp for every B € &B. If (A, B) is a Polish measurable space,
then it can be shown that X: B - €(Q, o) iscrisp if and only if there exists
ameasurable function f: () — A such that X(B) = I;-1g for every B e %
[7]. We use the notation X; for the crisp observable corresponding to f.

If w e MT(Q, ) and X: B - €(Q, oA) is an observable, then

Dx(p) = o X € M{(A, B)

iscalled the distribution of X in the state .. We interpret Dy (j.)(B) = w(X(B))
as the probability that X has a value in B when the system is in the state ..
When X = X; is crisp, we have Dy(n)(B) = w(f %(B)), which is the usual
distribution of the random variable f. The next result, which is proved in
ref. 13, shows that there is a natural one-to-one correspondence between
observables and o-morphisms.

Theorem2.2. If X: B - €(£2, s4) is an observable, then X has a unique
extension to a o-morphism X: €(A, B) - €, A). If Y: €(A, B) - €,
o) is a o-morphism, then Y|% is an observable.

It is shown in ref. 13 that the unique extension X is given by
() = | dtXto, D) @)

and if X; is crisp, then X;g = g © f. In the sequel, we shall omit the ~ on X
and shall frequently identify an observable with its corresponding unique
o-morphism.

Let (O, ), (Ay, B,), and (A,, B,) be measurable spaces. If X: B, —
€(Q, ) is an observable and u: A; — A, is a measurable function, we
define the observable u(X): B, — €(Q, o) by u(X)(B) = X(u (B)). We
shall see in the next section that u(X) can be viewed as a composition of the
observables X and X,.

3. COMBINATIONS OF OBSERVABLES

Let (2, A), (Aq, B4), and (A,, MB,) be measurable spaces and let Y: B,
- €A, By) and X: By - €(Q, A) be observables. Although we cannot
directly compose X and Y, we can compose them if they are thought of as
o-morphisms.

Doing this, we have the a-morphism X o Y: €(Ay, Bo) — E(Q, A),
which we identify with the observable X o Y: B, - €(Q2, o). We call X o
Y the composition of X and Y. We thus have
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(X Y)(w, B) = [X(Y(B)](w) = J Y(B)(A1)X(cw, dNy)

= J Y(\y, B)X(w, dAy) (3.1)

which is the usual way of composing probability kernels. We now consider
the special cases in which X or Y is crisp. Suppose that Yiscrisp and Y =
Xu, where u: A; - A, is a measurable function. We then have

(X o X)(B) = X(u™(B)) = u(X)(B)

Hence, X o X, = u(X) and X o X,(w, B) = X(», u"Y(B)). Next, suppose that
Xiscrispand X = X;, wheref: ) » A, isarandom variable. We then have

X2 Y)(B) = (X (Y(B)) = Y(B) ° f
and (X ° Y)(w, B) = Y(f(w), B). Findly, if both X and Y are crisp, we have
(Xt o X)(B) = u(X)(B) = fHu™(B)) = (u°f)"(B) = Xur

Hence, (X o X)) = X

Let (4, A, (Ai, By), 1 = 1, 2, be measurable spaces and let Xi: B; —
(), A;), i = 1, 2, be observables. Denote the corresponding product spaces
by (Qy X Qy, Ay X Ay), (A1 X Ay, By X B,). Using standard results on
product measures, it can be shown that there exists a unique observable

X1 X Xoi By X By » (g X Oy, Ay X Ay)
such that

[(X1 X X)(By X Bo)](w1, wp) = Xi(By)(w1)Xa(B2)(wy)

foral B, e W, i = 1, 2[6, 12]. We call X; X X, the product of X; and X.
IfY: By X By » €(Qq X Oy, Ay X Ay) isan arbitrary observable, then the
marginal observables Y: B, - (Q; X Q,, Ay X ), i = 1, 2, for Y are
given by Y.(B) = Y(B; X Ay) and Y,(Bo) = Y(A; X By). In generd, Y #
Y, X Y,. However, if Y = X; X X,, then the marginal observables for Y are
X1, X,. This construction can easily be extended to a product X; X X, X ---
X X, of afinite number of observables. More generaly, if (€, sy), (A, By),
t e T, are indexed families of measurable spaces, we can form the product
spaces (X, Xy) and (XA, X%B,), where the o-algebras X, and X B,
are generated by the cylinder sets. We then extend the product construction
to form the product XX; of observables X;: B, —» €((), Ay, t € T.

A similar construction applies for observables X;: B; — €(A, A), i =
1, 2, on the same measurable space. In this case, we have the direct product
observable X; @ Xo: B, X B, - E(A, o), which is the unique observable
that satisfies
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(X1 ® X5)(By X By) = Xi(B)Xa(Bo)

for every B, € &, i = 1, 2. Again, we can extend this to direct products
X1 ® X, ® -+ ® X, of afinite number of observables X,, ..., X, and to
direct products ®X; of an indexed family of observables X, t € T.

Let (O, o), (A, 9B) be measurable spacesand let T = R* or Z*. Letting
Ay = Aand B, = B for dl t e T, we use the notation AT = XA, and BT =
X%y, where BT is the o-algebra on AT generated by the cylinder sets. We
then form the product space (AT, &7). The elements A e AT are functions
X: T -~ A whichwecal pathsin A. Recall that 37 is the smallest o-algebra
on AT such that the projections m; AT — A given by m(X) = A(t) are
measurable. We call A(t) the coordinate of X at timet e T. A fuzzy stochastic
process is an observable X: BT - €(Q, «). For B € %, t € T, we define
B, € B by

B.={\ e AT \(t) € B}

Then {B: B € B} is a o-subalgebra of BT that is isomorphic to %. The
observable X; B - €(Q, A) defined by X¢(B) = X(By) is the marginal
observable for X at time t. In general, the margina observables X;, t € T,
do not determine the process X. Conversely, let X B - €(Q2, ) be afamily
of observables, t e T. Then this family generates a fuzzy stochastic process
Y=QX,Y BT - €, oA) such that Y; = X, t € T. However, in general
there are other processes with marginas X;,t € T. If X2 BT - €(Q, ) is
crisp (which correspondsto astandard stochastic process), then thisambiguity
disappears and X = ®X; [6]. If X = ®X;, we call X a factorizable fuzzy
stochastic process. If X is factorizable, (A, B) = (Q, A) and Xt = Xs° X
for al s, t e T, then X is a Markov process. In this case, by (3.1) we have

Yoo, A) = X0 Xl A) = j X', Ao, do)

which isthe Chapman—Kolmogorov equation. A Markov process X for which
T = Z' is called a Markov chain. In thiscase X, = X; o X; = X, X5 =
Xio X, = XP, ..., X, = XO,

We can compose a fuzzy stochastic process with an observable to form
a new stochastic process. For example, let X: BT - €(Q, o) be a fuzzy
stochastic processand let Y: f — €(A’, B’) be an observable. Then Y o X:
BT - €A, B') is the fuzzy stochastic process X transferred by Y. As
another example, let Y. B’ - €(A, %) be an observable and let Y, = Y for
every t e T. Then Xo (XYg): BT - €(Q, s) isthe process X pretransferred
by Y. In particular, if X: A" - €(Q, ) gives the evolution of a system and
Y B - €(Q, ) isan observable, then X o (XYy): BT — €(Q, o) gives
the evolution of Y.
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Let (2, A), (A, B), and (I', €) be measurable spaces and let
v eM{(I',€¢). Suppose that X,: B — €(Q, 1), vy € I, is a collection of
observables such that (y, ») = X,(o, B) is measurable for every B € %.
Then for every B € &

J X,(B)v(dy) € €(2, )
is a mixture of the effects X,(B), v € I'. Letting
X@) = [ X @)

it follows from the monotone convergence theorem that X: B - €(Q, )
is an observable which we call a mixture of X,, vy € I'. We denote this
mixture X by X = [ X,v(dy). By Fubini’s theorem, the distribution of X in
astate . eM7(Q, o) becomes

Dx()(B) = w(X(B)) = J r[X,(B)]v(dy)

For example, let (€2, oA, ) be a probability spaceand let f: 0 - R, g: ) -
R be random variables. Suppose a mixed measurement of f and g is performed
according to aratio N\:(1 — \), 0 < A < 1. Such a measurement yields a
distribution As + (1 — Mg, Where s and pq are the distributions of f and
g, respectively. In general, no random variable on Q) has this distribution.
However, the mixture X = AX; + (1 — N)X, is an observable on €(£), )
that has this distribution in the state .

4. QUANTUM OBSERVABLES

Let H be a complex Hilbert space and let Q(H) = {® € H: |jo|| = 1}.
Endow Q(H) with the norm topology T and let s{(H) be the o-algebra
generated by the open setsin 1. It iswell known that the set of linear operators
€(H) on H that satisfy 0 = F = | forms a o-€effect algebra. We now examine
the relationship between ¢(H) and the o-effect algebra ¢(Q(H), 4(H)). For
F e €(H), define F: Q(H) - [0, 1] by F(w) = (Fo, w). If asequence w; e
Q(H) convergesto w € Q(H) in the topology 7, then FY2w; converges to
FY20» and hence lim||F¥2wi|? = |[F¥?w|]?. But

IFY0|? = (FY?0, FY2w) = (Fw, o) = IE((»)

and similarly, [F¥2wi|? = F(w;). Hence, lim F(w;) = F(w), so F is continuous
in the 7 topology. It follows that F is measurable, so F € €(Q(H), A (H)).
Itiseasy to show that ~: €(H) - €(Q(H), d(H)) isac-morphism. Moreover,
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if F L G, thenF L G. It followsthat ~: ¢(H) — €(Q(H), s(H)) isao-
isomorphism from €(H) onto the o-subeffect algebra €(H)™ of €(Q(H),
A(H)). We call €(H) and its isomorphic copy é(H)™ the set of quantum
effects on H. Let (A, B) be a measurable space and let X: % - é(H) be a
normalized, positive operator-valued measure [8, 9, 14]. Then X: B -
€(QH), s4(H)) defined by X(B) = X(B)~ is an observable on €({Q(H),
A(H)) which we call a quantum observable. The distribution Dg(w) of X
for pw € M{(Q(H), 4(H)) becomes

Dx(W)(B) = wX(®)) = j K(B)(w)p(dw) = J X(B)o, w)p(do)

Sinceé(H) and é(H)~ areisomorphic, we also call X a quantum observable.

It iswell known that any state s on é(H) has the form s(F) = tr(FW)
for a unique positive trace class operator W. By the spectral theorem, W has
the unique representation W = 3 \;P;, where \; > 0, 2 \; = 1, and the P,
are mutually orthogonal one-dimensional projections. Let w; be unit vectors
intherangeof P;,i = 1, 2, ..., and definethe probability measure3on (Q2(H),
A(H)) by 3 = 2 \;8,, where 8, denotes the Dirac measure concentrated at
. Then for F € €(H) we have

¥F) = 3 NF(@) = 2 Ni(Foi, o) = S(F)

It follows that if X: B — €(H) is a quantum observable and s is a state on
€(H), then the distribution B — s(X(B)) of X coincides with the distribution
Dx(3) of X relativeto 3 € M{(Q(H), s4(H)). In this case, we have

Dx(®(B) = D) M{X(B)w;, w;) = tr(X(B)W)

In particular, B —» X(B)(w) = (X(B)w, w) is the distribution of X (and X) in
the pure state w.

We now consider the important question of characterizing the elements
of ¢(H)™ in €(Q(H), s4(H)). That is, we would like to characterize the
effectsf e €(Q2(H), «4(H)) that are quantum effects. For f e €(2(H), s4(H)),
definef: H — R by f(0) = 0 and if ¢ # O, then f (&) = |[ll f (W/|[yl)) V2.

_ Theorem 4.1. For f € €()(H), si(H)) we have f € €(H)~ if and only
if fisaseminorm that satisfies the parallelogram law.

We now consider quantum dynamics. If U: H - H isaunitary operator,
then U: Q(H) - Q(H) is continuous and hence measurable. Thus, Xy: A(H)
- €(QH), A(H)) is a crisp observable where, by definition, Xy(A) =
lu—1a- Now suppose that U(t), t € R, isadynamical group. That is, U(t) is
a unitary operator and U(s + t) = U(s)U (t) for al s, t € R. For example,
U(t) = e, the group of unitary transformations generated by the Schrod-
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inger equation, where K is the energy operator. Then ®Xyq: A(H)® -
€(Q(H), (H)) is afuzzy stochastic process. If Y: B - €(Q(H), d(H)) is
an observable, then

®Xug °© XY:  B¥ — EQH), si(H))

describesthe evolution of Y. To verify this statement for quantum observables,
let X: B — €(H) be a quantum observable. Then in conventional quantum
mechanics, U(t)* XU(t), t € R, describes the evolution of X. Then for every
t e R, we have

[U@*XU®] ™ B - E(QH), #(H))
and
QUEA*XU®)] ™ B® - €(Q (H), s4(H))

is afuzzy stochastic process. The next result shows that this processis given
by our previous description.

Theorem 4.2. In terms of our previous notation, we have
®Xu ° XXy = SUE*XU()]~

5. STATISTICAL MAPS

We now discuss the relationship between observables and statistical
maps. If (Q, o), (A, B) are measurable spaces, a function f: Q -
M7 (A, %) called a fuzzy random variable (or a statistical function) [1-7] if
o — [f(w)](B) is measurable for every B € 9. There is a one-to-one
correspondence between observables and fuzzy random variables. Indeed, if
X: B — €(Q, A) is an observable, then X: ) -~ M{ (A, B) defined by
X(w)(B) = X(w, B) is a fuzzy random variable. Conversely, if f: Q -
Mi (A, B) is a fuzzy random variable, then f=: B - €(Q, o) defined by
fHB)(w) = f(w)(B) is an observable.

Amap T M{(Q, A) - MF(A, B) is measurable if o — (T3,)(B) is
measurable for every B € %B. A weak topology on M{(Q, ) [M{(A, %B)]
isinduced by the weak topology resulting from the duality between measures
and bounded measurable functions on (Q, o) [(A, B)]. We cdl
T. MT(Q, o) - M{(A, B) adtatistical map if T is affine, measurable, and
weakly continuous. If X: B - €(, ) is an observable, it is clear that its
distribution map Dy: M{ (€, o) — M{ (A, B) isaffine. The next result shows
that Dy is a statistical map and that every statistical map has this form.

Theorem5.1. Amap T: M{(Q, o) - M7 (A, B) isadtatistical map if
and only if there exists an observable X: B — €(2, ) such that T = Dx.
Moreover, X is unique.
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Corallary 5.2. If X, Y: B - €({), ) are observables for which Dy =
Dy, then X = Y.

Corollary 5.3. If T: M7 (Q, d) - M7 (A, B) is a statistical map, then
for every w € M7(Q), o) and B € % we have

(Tw)(B) = J (T3,)(B)p(dw) (5.1)

Conversdly, if T: M{(Q, o) - M{(A, B) is measurable and satisfies (5.1),
then T is a statistical map.

In refs. 1-7 a statistical map is defined to be a measurable map
T M{(Q, ) - MT(A, RB) that satisfies (5.1). (It is also assumed that T is
affine, but this conditionisredundant.) Corollary 5.3 showsthat thisdefinition
isequivalent to the onewe have given. However, we believe that our definition
is more basic and easier to verify.

We have seen that if T: M{(Q, o) - M (A, B) is a statistical map,
then there exists a unique observable X: B - €({), ) such that T = Dy.
We say that Tiscrispif Xiscrisp. Thus, Tiscrisp if and only if there exists
arandom variable f: ) -~ A such that T = Dy,. In this case Tw = 4, the
distribution of f relative to . Denote the set of 8 measures on ({2, s{) by
IM{(Q, o). The proof of the following result is outlined in ref. 7.

Theorem 5.4. A statistical map T: M{(Q, ) - MT(A, B) is crisp if
and only if T[aM{(Q, sA)] C aMT (A, B).
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